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Let G be a connected k-regular vertex-transitive graph on n vertices. For
SV(G) let d(S) denote the number of edges between S and V(G)"S. We extend
results of Mader and Tindell by showing that if d(S)< 29 (k+1)
2 for some SV(G)
with 13 (k+1)|S|
1
2 n, then G has a factor F such that GE(F ) is vertex-transitive
and each component of F is an isomorphic vertex-transitive graph on at least
2
3 (k+1) vertices. We show that this result is in some sense best possible and use it
to show that if k4 and G has an edge cut of size less than 15(8k&12) which
separates G into two components each containing at least two vertices, then G is
hamiltonian. We also obtain as a corollary a result on the toughness of vertex-
transitive graphs.  1999 Academic Press
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1. EDGE CONNECTIVITY
All graphs considered are finite and without loops. We shall reserve the
term graph for graphs without multiple edges and will refer to graphs
which may contain multiple edges as multigraphs. A graph G is called
vertex-transitive if for every u, v # V(G) there exists an automorphism % of
G such that %(u)=v; the graph is edge-transitive if for every u1v1 , u2v2 # E(G)
there exists an automorphism % such that [%(u1), %(v1)]=[u2 , v2]; and
the graph is arc-transitive if for every u1v1 , u2v2 # E(G) there exists an
automorphism % such that %(u1)=u2 and %(v1)=v2 .
Let G be a k-regular vertex-transitive graph. The vertex connectivity of
G was first studied by Mader [10] and Watkins [14], who showed that
if G is not k-connected, then it has a factor F such that the components
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of F are isomorphic vertex-transitive graphs and that the graph GE(F )
obtained by contracting the edges of F is also vertex-transitive. For edge
connectivity, Mader [11, Satz 6] showed that G is always k-edge connected.
Tindell [13] extended this result by showing that if k3 and G has an
edge cut of size k which separates G into two components each containing
at least two vertices, then G has a factor consisting of disjoint copies of the
complete graph Kk . The main result of this paper, Theorem 2, extends
Tindell’s theorem by showing that if G has an edge cut of size less than
2
9 (k+1)
2 which separates G into two components each containing at least
1
3 (k+1) vertices, then G has a factor F satisfying the same conditions as in
the vertex connectivity result mentioned above. We also provide examples
to show that our bounds on the sizes of the edge cut and the components
are in some sense best possible.
It is conceivable that this type of structural information may be useful
for proving results on vertex-transitive graphs. An example of this occurs
in [12] where the structure of edge- and vertex-transitive cubic graphs is
studied. In that paper it is shown amongst other results that a cubic vertex-
or edge-transitive graph has cyclic connectivity equal to its girth, from
which it is deduced that there exist cubic graphs with arbitrarily high cyclic
connectivity. We provide a further example in this paper by using our
theorem to show that if k4 and G has an edge cut of size less than
1
5 (8k&12) which separates G into two components each containing at least
two vertices, then G is hamiltonian. In addition, we characterize the vertex
transitive graphs which have toughness equal to one.
Given a multigraph G and S, TV(G) we shall use dG(S, T ) to denote
the number of edges of G from S to T. We shall simplify dG(S, S ) to dG(S),
and dG(S) to d(S) when it is obvious which graph we are referring to.
Lemma 1. Let G be a k-regular graph on n vertices. Define
m=min[d(S) | SV(G), 13 (k+1)|S|
1
2 n]
and suppose m< 29 (k+1)
2. Let M be the set of all subsets S of V(G) with
d(S)=m and 13 (k+1)|S|
1
2 n. Then
(a) for all S # M, |S|> 23 (k+1).
Furthermore, if we choose S and T in M, then
(b) at least one of S & T, S"T or T"S is also an element of M;
(c) if S and T are both minimal elements of M (with respect to inclusion),
then S=T or S & T=<.
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Proof. We first prove the following:
If UV(G) with |U | 13 (k+1), then d(U)
2
9 (k+1) or |U|>
2
3 (k+1);
(1)
this immediately proves (a). Consider the function f (x)=x(k+1&x).
Then we have f (x)< 29 (k+1)
2 if and only is x< 13 (k+1) or x>
2
3 (k+1).
Now let UV(G) with |U|=u. Then for all v # U, d(v, U)u&1 and
d(v, U )k+1&u. Hence d(U)u(k+1&u)= f (u) and (1) follows.
Now choose S, T in M. We are done if S & T=<, ST or TS. So
assume S & T{<, S"T{< and T"S{<. First consider the case |S"T |
1
3(k+1) and |T"S|
1
3 (k+1). If d(S"T)>m=d(S), then we have d(S&T, S"T )
>d(S & T, T"S), while if d(T"S) > m = d(t), then d(S & T, T"S) >
d(S & T, S"T ). Since both inequalities cannot be true simultaneously, we
must have d(S"T )m or d(T"S)m. Using the definition of m we obtain
S"T # M or T"S # M.
Next consider the case when |S"T |< 13 (k+1) or |T"S|< 13 (k+1). By
(a) this means |S & T | 13 (k+1). If d(S & T )m, then S & T # M. So
suppose d(S & T )>m=d(S). Since
2d(S & T, S"T )=d(S & T )+d(S"T )&d(S),
it follows that d(S & T, S"T )> 12d(S"T ). Since 23 (k+1)<|S _ T |<n&
1
3 (k+1) we have |S & T |>
1
3 (k+1). If follows from the definition of m that
d(S & T )m=d(T ). Thus
d(S"T, S & T )d(S & T, S"T )> 12 d(S"T ),
which gives
d(S"T )d(S"T, S & T )+d(S & T, S"T )>d(S"T ).
This final contradiction completes the proof of (b).
(c) follows immediately from (b). K
We now prove our main result. If VV(G) and E$E(G), then G[S]
denotes the subgraph of G induced by S and GE$ is the multigraph
obtained by contracting all edges in E$.
Theorem 2. Let G be a connected vertex-transitive k-regular graph on n
vertices. Let S be a subset of V(G) chosen such that 13 (k+1)|S|
1
2 n, d(S)
is as small as possible, and, subject to these conditions, |S| is as small as
possible. Suppose that d(S)< 29 (k+1)
2. Then
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(a) G has a factor F such that each component of F is isomorphic
to G[S];
(b) G[S] and GE(F ) are vertex-transitive;
(c) Aut(G) is imprimitive, with the components of F forming a system
of imprimitivity;
(d) G is not edge-transitive;
(e) d(S)=d(v, S ) } |S| and 1d(v, S )< 13 (k+1) for all v # S;
(f) if d(v, S )=1 for all v # S, then GE(F ) is arc-transitive.
Proof. Let % be an automorphism of G such that T=%(S){S. By
Lemma 1 (c) and the choice of S it follows that S & T=<. From this
observation and the vertex-transitivity of G it follows that the orbits of S
under the automorphism group of G form a partition S=S1 , S2 , ..., Sm of
V(G). We construct the required factor F for G by putting Fi=G[Si] for
1im and F=mi=1 F i . The vertex-transitivity of G[S] and GE(F )
follows by restricting the action of the automorphism group of G to S and
the components of F, respectively. This also gives (c).
By the choice of S, E(F1){< and E(G)"E(F1){<. So we can choose
u, v, w # V(G) such that uv # E(F1) and vw # E(G)"E(F1). Since S & %(S)=S
or S & %(S)=< we have [%(u), %(v)]{[v, w] for every automorphism %
of G. Hence G is not edge-transitive.
Choose v, w # S and let , be an automorphism of G such that ,(v)=w.
This means, by the observation above, that ,(S)=S and d(v, S )=d(w, S ).
Hence there exists an integer q such that d(v, S )=q for all v # S. Thus, by
Lemma 1 (a),
2
9 (k+1)
2>d(S)=q |S|>q } 23 (k+1).
This means q< 13 (k+1). Since G is connected we also have q1.
Finally, suppose q=1 and let u$1u$2 , u$3u$4 be edges of GE(F ). Let Fu$i
be the component of F corresponding to the vertex u$i , i=1, 2, 3, 4. Then
the edges u$1u$2 , u$3 u$4 correspond to edges u1u2 , u3u4 in G such that
ui # V(Fu$i), i=1, 2, 3, 4, and u1 u2 , u3u4 # E(G)"E(F ). Since G is vertex-
transitive we can find an automorphism % of G such that %(u1)=u3 .
But since % maps E(G)"E(F ) into E(G)"E(F ) and u1u2 and u3u4 are
the unique edges in E(G)"E(F ) with end vertices u1 and u3 , respectively,
we also have %(u2)=u4 . It is clear that the restriction %$ of % to the
components of F satisfies %$(u$1)=u$3 and %$(u$2)=u$4 . It follows that GE(F )
is arc-transitive. K
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It follows from the statement in (1) that the combination of the bounds
1
3 (k+1)|S| and d(S)
2
9 (k+1)
2 leads to a bound |S|> 23 (k+1). So the
hypothesis of Lemma 1 and Theorem 2 that |S| 13 (k+1) is equivalent to
the apparently stronger hypothesis that |S|> 23 (k+1).
Next we show that the bounds |S| 13 (k+1) and d(S)<
2
9 (k+1)
2
are best possible. We consider a graph satisfying the following hypoth-
eses. Let c>0 be a non-negative rational number, t an integer, and G be
a connected vertex-transitive graph on n vertices. Let S be a subset of
V(G) chosen such that c(k+1)|S| 12n, d(S) is as small as possible,
and, subject to these conditions, |S| is as small as possible. Suppose that
d(S)<t. We shall show that, depending on the values of c and t, either
these hypotheses are at least as strong as those of Theorem 2, or else they
are not strong enough to imply that G and S satisfy the conclusions of
Theorem 2.
v Suppose c> 13 . If t
2
9 (k+1)
2, then G and S satisfy the hypotheses
of Theorem 2. If t> 29 (k+1)
2, then G and S need not satisfy the conclu-
sions of Theorem 2. This can be seen by considering the following family
of graphs. Let p be a prime and q a positive integer. Define the graph Gp, q
as the lexicographic product of the cycle Cp with the complete graph Kq .
Then Gp, q is a vertex-transitive graph on n= pq vertices with degree
k=3q&1.
By choosing p6c+1 we can guarantee c(k+1)=3cq 12 ( p&1)q<
1
2 pq=
1
2 n, so that there exists an integral multiple of q between c(k+1) and
1
2n. When S is chosen as above, the minimality of d(S) forces us to choose
S such that d(S)= 29 (k+1)
2 and Gp, q[S] is isomorphic to the lexico-
graphic product of a path of length at least two in Cp with Kq .
v Suppose c 13 and t>c(1&c)(k+1)
2. Then G and S need not
satisfy the conclusions of Theorem 2. For this consider the following family
of graphs. Let p be a prime and r an integer, 12 prp. Form the graph
Hp, r by taking two disjoint copies of Kp , with vertex sets [u1 , u2 , ..., up]
and [v1 , v2 , ..., vp], and adding edges between ui and vi , vi+1 , ..., vi+r&1
(indices mod p) for i=1, ..., p. Then Hp, r is a vertex-transitive graph on
n=2p vertices with degree k= p+r&1.
By choosing p and r large enough we can guarantee that c(k+1)=
c( p+r) is an integer larger than two. Since p is a prime, c 13 and rp,
c(k+1) does not divide 2p. When S is chosen as above, the minimality of
d(S) and the fact that r 12 p forces us to choose S such that |S|=c(k+1),
d(S)=c(1&c)(k+1)2 and Hp, r[S]is isomorphic to the complete graph
Kc(k+1) .
Note that these examples also show that in Theorem 2 we cannot replace
d(S)< 29 (k+1)
2 by d(S) 29 (k+1)
2.
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v Suppose c 13 and tc(1&c)(k+1)
2. Then, using the argument
from the first paragraph of the proof of Lemma 1, we may deduce that
|S|(1&c)(k+1), and we conclude that G and S satisfy the hypotheses
of Theorem 2.
A factorisation similar to Theorem 2 can be found implicitly in the
papers of Mader [10] and Watkins [14] on vertex connectivity of vertex-
transitive graphs. Their results can be stated as follows. If SV(G), then
by N(S) we denote the set of vertices in S adjacent to at least one vertex
in S.
Theorem 3 [10, 14]. Let G be a connected vertex-transitive k-regular
graph. Let S be a subset of V(G) chosen such that |N(S)| is as small as
possible and, subject to this condition, |S| is as small as possible. Suppose
|N(S)|<k and S _ N(S){V(G). Then
(a) G has a factor F such that each component of F is isomorphic
to G[S];
(b) G[S] and GE(F ) are vertex-transitive;
(c) Aut(G) is imprimitive, with the components of F forming a system
of imprimitivity;
(d) G is not edge-transitive;
(e) |N(S)|=q } |S| for some q2.
Note that although Theorems 2 and 3 are similar in form, they are inde-
pendent in the sense that neither of them implies the other. It is possible
that a graph has a factorization according to Theorem 2 but not according
to Theorem 3, and vice versa. In fact, even if a graph has a factorization
according to both theorems, these factorisations need not be the same. For
instance, let G1 be the Cartesian product K3_K2 and let G2 be the
lexicographic product of G1 with K2 (see Fig. 1). Then G1 is a 3-regular
vertex-transitive graph on 6 vertices and G2 is a 7-regular vertex-transitive
FIG. 1. The graphs G1 (left) and G2 (right). See the text for a description of their properties.
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graph on 12 vertices. A set SV(G1) chosen according to Theorem 2 is a
set which induces one of the two triangles in G1 . But there exists no set S
in V(G1) which satisfies the hypotheses of Theorem 3.
A set S1 V(G2) chosen according to Theorem 2 satisfies |S1|=6,
G2[S1] is the lexicographic product of K3 with K2 , and d(S1)=12,
whereas if we choose a set S2 V(G2) according to Theorems 3, then we
get |S2 |=2, G2[S2]$K2 and N(S2)=6.
We next give some corollaries of Theorem 2.
Corollary 4. Let G be a connected vertex-transitive k-regular graph on
n vertices. Let S be a subset of V(G) chosen such that 1<|S| 12n, d(S) is
as small as possible, and, subject to these conditions, |S| is as small as
possible. Suppose that d(S)<2(k&1). Then d(S)=|S|k and d(v, S )=1
for all v # S
Proof. The result holds vacuously if k=1, 2. First observe that d(S)
|S| } (k+1&|S| ). Setting f (x)=x(k+1&x), similarly to the proof of
Lemma 1(a), we get that f (x)<2(k&1) if and only if x<2 or x>k&1.
Since |S|>1, it follows that |S|k> 23 (k+1) if k3. As 2k&3<
2
9 (k+1)
2, the conclusion follows by Theorem 2(e). K
Corollary 5. Let G be a connected vertex-transitive k-regular graph on
n vertices. Then
(a) G is k-edge-connected [11];
(b) if k3 and d(S)=k for some SV(G) with 1<|S| 12n, then G
has a factor F such that each component of F is isomorphic to Kk and
GE(F ) is arc-transitive [13];
(c) if k4 and d(S)=k+1 for some SV(G) with 1<|S| 12n, but
there exists no TV(G) with 1<|T | 12 n and d(T )=k, then k is odd, G
has a factor F such that each component of F is isomorphic to Kk+1&M,
where M is a perfect matching of Kk+1 , and GE(F ) is arc-transitive.
Proof. We deduce (a), (b), and (c) by applying Theorem 2 and
Corollary 4 to G. Choose SV(G) such that 1<|S| 12n, d(S) is as small
as possible, and, subject to these conditions, |S| is as small as possible.
Theorem 2(e) and Corollary 4 immediately give d(S)=|S| } d(v, S )k for
all v # S. It follows that d(T )k for all TV(G) with T{<, V(G). Hence
G is k-edge-connected and (a) holds.
If k3 and d(S)=k, then by Corollary 4 we obtain |S|k> 23 (k+1).
Since d(v, S )=1 for all v # S, this means |S|=k and d(v, S)=k&1 for all
v # S. Hence G[S]=Kk and (b) holds.
We may use a similar argument if k4 and d(S)=k+1 to deduce that
G satisfies the conclusion of (c). K
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FIG. 2. The graphs G (left) and H (right).
Corollary 5(b) is not true if k=2 as can be seen by taking G isomorphic
to a cycle C2m+1 of odd length. Similarly, Corollary 5(c) is not true for
k=3 as follows by observing the cartesian product C2m+1_K2 of an odd
cycle and an edge.
Note that if G satisfies the conditions of Corollary 5(b), then G is
completely determined by Kk and GE(F ). A similar Conclusion is no
longer possible for graphs satisfying the conclusions of Corollary 5(c). Let
G and H be the graphs depicted in Fig. 2. Then G and H are both connected
vertex-transitive 5-regular graphs, but G and H are not isomorphic as can
be seen, for instance, by counting the number of 4-cycles that contain a
given vertex in the graphs. But both graphs have a factor F such that each
component of F is isomorphic to K6 minus a matching, while both GE(F )
and HE(F ) are isomorphic to the multigraph obtained from K4 by replac-
ing every edge in K4 by two parallel edges.
2. HAMILTONICITY AND TOUGHNESS
As a by-product of Theorem 2 and Corollary 4 we obtain a sufficient
condition for vertex-transitive graphs to be hamiltonian. We note that
Lova sz [9] has conjectured that all connected vertex-transitive graphs
have a Hamilton path and Thomassen (see [3, p. 163]) has conjectured
that there are only a finite number of connected vertex-transitive graphs
which are not hamiltonian.
Theorem 6. Let G be a connected vertex-transitive k-regular graph with
k4. Let S be a subset of V(G) chosen such that 1<|S| 12n, d(S) is as
small as possible, and, subject to these conditions, |S| is as small as possible.
Suppose one of the following conditions holds:
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(a) |S| is even and d(S)<2(k&1);
(b) |S| is odd and d(S)< 15 (8k&12);
(c) |S| is odd, GE(F ) is not a simple graph (where F is the factor
defined in Theorem 2(a)), and d(S)<2(k&1).
Then G contains a Hamilton cycle.
We first prove the following lemmas.
Lemma 7. Let G be a k-edge-connected multigraph and k4. Then G
contains a spanning eulerian subgraph R satisfying dR(v)dG(v)+2&w 12 kx
for all v # V(G).
Proof. Let m=w 12kx. The main result in [8] states that we can find m
edge-disjoint spanning trees T1 , ..., Tm in G. Following the proof of [7,
Proposition 7], there exists a spanning eulerian subgraph R of G with edge
set E(T1)E(R)E(T1) _ E(T2). Since dTi (v)1 for every vertex v # V(G)
and 3im, we obtain that
dR(v)dG(v)&(dT3(v)+dT4(v)+ } } } +dTm(v))dG(v)&(m&2)
for all v # V(R). K
Lemma 8. Let G be a graph on 2m+1 vertices and M a matching in G
with |M|=m. Suppose that dG(v)m+1 for all v # V(G). Then G contains
a Hamilton cycle C such that ME(C).
Proof. By the main result in [2] it follows that there exists a cycle C$
such that ME(C$). Clearly this means |V(C$)| # [2m, 2m+1]. If |V(C$)|
=2m+1, then we are done. So assume |V(C$)|=2m and let v be the
unique vertex outside C$. Since C$ consists of edges in M and edges in
E(G)"M in alternating order and dG(v)m+1= 12 |V(C$)|+1, there must
exist vertices x, y # V(C$) & N(v) such that xy # E(C$)"M. Then the cycle
formed by replacing the edge xy in C$ by the edges xv and yv gives the
desired Hamilton cycle. K
Proof of Theorem 6. Let G and S satisfy the conditions in the theorem.
From Corollary 4 we obtain that |S|=d(S), d(v, S )=1 and d(v, S)=k&1
for all v # S. Let F be the factor of G defined in Theorem 2(a) and set
H=GE(F ).
First assume S=|S| is odd, s< 15 (8k&12) and H is a simple graph. Then
H is a vertex-transitive s-regular graph, hence H is s-edge-connected by
Corollary 5(a). Since sk4 we can use Lemma 7 to obtain that H has
a spanning eulerian subgraph R with dR(v)s+2&w 12sx=
1
2 s+
5
2. Let T
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be an Euler tour of R. Choose a vertex vi of R and let Fi be the component
of F corresponding to vi . We shall use T to define a matching Mi on V(Fi).
(Note that we shall not require that Mi E(Fi).) Let Ei be the set of edges
of H incident to vi . For each e # Ei there exists a unique edge e$ # Ei such
that ex } } } x$e$ is a subtrail of T not containing the vertex vi . Obviously,
(e$)$=e. We may also consider Ei to be a subset of E(G). For each e # Ei
let v(e) be the vertex of Fi incident to e (see Fig. 3). Set Mi=[v(e) v(e$) |
e # Ei]. Now define F i* by V(F i*)=V(Fi) and E(F i*)=E(Fi) _ Mi . Then
Mi is a matching in F i* by the fact that d(v, V(Fi))=1 for all v # V(Fi), and
hence v(e){v( f ) whenever e{ f. Moreover, we have that
|Mi |= 12dR(vi)
1
4 s+
5
4.
By the remark at the beginning of the proof and s 15 (8k&13), for each
vertex v in V(F i*) we have
dF i* (v)k&1
5
8s+
5
8
1
2 (s+|Mi | ).
Thus by [6, Theorem 6], F i* has a Hamilton cycle Ci which contains Mi .
We can now construct the required Hamilton cycle C for G by putting
E(C)=E(T ) _ .
m
i=1
(E(Ci)&Mi). (2)
We proceed similarly for the case when s=|S| is even and s<2(k&1).
We have d(v, S )=1 and d(v, S)>s2 for all v # S. Since |S| is even it
follows that H=GE(F) is eulerian. Let T be an Euler tour of H. We may
use T to define Mi and F i* for each component Fi of F, as above. Since T
is an Euler tour of H it uses every edge incident to vi and thus Mi will be
a perfect matching in F i*. Now [6, Theorem 1] and the fact that each
vertex of F i* has degree greater than 12 |V(F i*)| implies that F i* has a
Hamilton cycle Ci containing Mi . We now construct the required Hamilton
cycle C for G as in (2).
FIG. 3. The relation between vi , e, e$ and Fi , v(e), v(e$).
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Finally, suppose s=|S| is odd, s<2(k&1) and H is not a simple graph.
Since H is arc-transitive by Theorem 2(f), every edge of H has the same
multiplicity, say p. Let H$ be the graph obtained from H by replacing every
multiple edge by a single edge. Then H$ is a vertex-transitive graph of
degree k$=sp, where k$ is odd since s is odd. This means that H$ is
k$-edge-connected and |V(H$)| is even. It follows that H$ contains a per-
fect matching M$ (see for instance [4, p. 80]). Then M$ corresponds to a
matching M in H. Define H* by V(H*)=V(H) and E(H*)=E(H)"M.
Then H* is a connected multigraph with even degree s&1. Continuing as
in the case when s is even, we form Mi and F i* for each component Fi of
F such that Mi misses only one vertex in F i*. Using Lemma 8 and the
construction for the even case, we find the required Harmilton cycle in G. K
The toughness of a graph G was defined by Chva tal [5] as t(G)=
min[ |S||(G&S)], where the minimum is taken over all vertex outsets
SV(G) and |(G&S) denotes the number of components of G&S.
Chva tal’s main motivation for studying toughness in [5] was the fact that
having toughness at least one is a necessary condition for G to be hamiltonian.
Bagga and Lipman [1] showed that if G is a connected vertex-transitive
graph, then t(G)1 with equality if and only if G is bipartite or G is an
odd cycle. They conjectured in the same paper that if in addition G is
bipartite and G&X has exactly |X| components for some vertex cutset X,
then X is one of the sets in the bipartition of G. Our final result verifies this
conjecture and gives an alternative proof of Bagga and Lipman’s theorem.
Theorem 9. Let G be a connected vertex-transitive graph and X be a
vertex outset of G. Then the number of components of G&X is at most |X|
with equality if and only if G is bipartite and X is one of the sets in the bipar-
tition of G, or G is a cycle and X is independent.
Proof. Let G be k-regular. Since the theorem is clearly true for k2 we
may suppose that k3. If d(S)k for some SV(G) with 1<|S|
1
2 |V(G)|, then by Corollary 5(a) and (b), G has a factor F such that each
component of F is isomorphic to Kk and GE(F ) is k-edge-connected.
Hence by [5, Theorem 5.1], t(G)=k2>1. Thus we may suppose that
d(S)>k for all SV(G) with 1<|S| 12 |V(G)|.
Let H1 , H2 , ..., Hm be the components of G&X. Since G is k-regular,
d(X)k|X|. On the other hand, since d(V(Hi))k for all 1im we
have d(X)km. Thus |X|m. Furthermore, if equality holds then we most
have d(X)=km and d(V(Hi))=k for all 1im. Thus |V(Hi)|=1 for all
1im and all edges of G pass between X and X . Hence G is bipartite
with bipartition [X, X ]. K
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To conclude we note that for all k2 there exist non-bipartite k-regular
vertex-transitive graphs Gk with toughness arbitrarily close to one. We
define the family Gk recursively by letting G2 be an odd cycle C2m+1 and
then putting Gk=Gk&1_K2 for k3. It can be shown inductively that Gk
has two disjoint independent sets of size 12 (( |V(Gk)|&2
k&2). Choosing a
vertex cutset as the complement of such an independent set and choosing
m large enough, we see that the toughness of Gk can be made arbitrarily
close to one.
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